SEMICLASSICAL STATES FOR WEAKLY COUPLED 
NONLINEAR SCHRODINGER SYSTEMS 



EUGENIO MONTEFUSCO, BENEDETTA PELLACCI, AND MARCO SQUASSINA 

Abstract. We consider systems of weakly coupled Schrodinger equations with 
nonconstant potentials and we investigate the existence of nontrivial nonnegative 
solutions which concentrate around local minima of the potentials. We obtain 
sufficient and necessary conditions for a sequence of least energy solutions to 
concentrate. 



1. Introduction 

Starting from the celebrated works [U [131 ES] , the recent years have been marked 
out by an ever-growing interest in the study of standing wave solutions to the 
semi-linear Schrodinger equation (NLS) 

i0t + A0+ |0|V = inM^x(0,oo), 

where i denotes the imaginary unit. As a related problem, a large amount of work 
(see [21 El El El [ini [27] and references therein) has been devoted to the study of 
the semiclassical states for (NLS), namely the study of the singularly perturbed 
equation —e'^Au + V{x)u = v? in for e going to zero, where V{x) is a potential 
modeling the action of external forces. Under different hypotheses on the potential 
V it has been proved that there exists a family of solutions {u^} which exhibits a 
spike shape around the non-degenerate critical points of V and decays elsewhere. 
From a physical point of view, the nonlinear Schrodinger equation arises in the study 
of nonlinear optics in isotropic materials, for instance the propagation of pulses in a 
single-mode nonlinear optical fiber. However, a single-mode optical fiber is actually 
bi-modal due to the presence of some birefringence effects which tend to split a pulse 
into two pulses in two different polarization directions. Menyuk [20] showed that, 
under various simplifications and variable scalings, the complex amplitudes of the 
two wave packets and ip in a birefringence optical fiber are governed by a system 
of two coupled nonlinear Schrodinger equations ((CNLS) for short). Looking for 
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standing wave solutions leads to study the following elliptic system 

-Au + u = V? + bv'^u in M^, 
-Af + u'^v = + bu^v in M^, 



where 6 is a real-valued cross phase coefficient depending upon the anisotropy of 
the fiber, and uj is the frequencies ratio of the two waves. Physically, 6 > is 
known as the attractive case, whereas 6 < is the repulsive case. Apart from 
some special cases, the study of (11. ip is pretty complicated. This because of the 
presence of semitrivial or scalar solutions, indeed, there always exist the solutions 
(u, 0), (0, f ) with u, V solutions of the single equations in (11. ip : then it becomes 
physically relevant to know whether or not a solution found is really vectorial, 
i.e. with both nontrivial components. Recently, this problem has been tackled 
in [21 U, [19] by means of different methods. In particular, in [19] it has been 
proved that for b sufficiently small every ground state solution necessarily has one 
trivial component, while for b sufficiently large the ground state solutions have both 
positive components. As far as concern the semiclassical states, we are naturally 
lead to study the system 

-2a„, I ^/f^\n, — n,3 I /,„,2„, ;^ 113)3 



—e'^Au + V{x)u = + bv'^u m 
-e'^Av + W{x)v = + hu^v in 



This is the goal of this paper. We will assume that the potentials V, W are Holder 
continuous functions in R'^, bounded from below away from zero and e is a small pa- 
rameter which will approach zero. Our intent is to show the existence, for small e, of 
a nonnegative (i.e. with nonnegative components) least energy solution {us-,Ve) and 
then to prove sufficient and necessary conditions concerned with the concentration 
of (-Ug, fe) around the local minimum (possibly degenerate) points of the potentials, 
which are supposed to be in the same region. Aiming to use variational methods, we 
will consider the functional associated to ((^l), which satisfies all the assumptions 



of the Mountain Pass theorem ([7]) except for the Palais-Smale condition since we 
do not assume any global condition on V, W . Then, we will use a vectorial adapta- 
tion of the argument in [H]; namely we will perform a penalization of J^, exploiting 
the homogeneity of the nonlinearities, outside the region containing the minimum 
points of the potentials, so that we will consider a modified functional which sat- 
isfies all the hypotheses of the Mountain Pass theorem including the Palais-Smale 
condition. To show the concentration, we will argue on the sum Me(x) +fe(x) prov- 
ing that it is uniformly, with respect to e, bounded away from zero, and by taking 
advantage of the known properties of the autonomous system we can show that 
Ue{x) + Ve{x) has exactly one global maximum point, which tends to a minimum 
point of or W . Here we cannot be more precise without assuming some condi- 
tions on b as one between Ue and Ve may vanish or not as £ 0. Namely, we can 
show that for b smaller than a positive constant 6o (defined in (12. 5p ) either Ug or Ve 
necessarily expires and the other tends-up to scalings-to the least energy solution 
of the corresponding autonomous nonlinear Schrodinger equation. When b is large 
(greater than a positive constant bi defined in (12. 5p ) both and survive and we 
recover a least energy vectorial solution of the autonomous system (see Theorem 
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12. ip . As physically reasonable, for materials with low anisotropy, one component of 
the system is predominant upon the other, since the low birefringence is not able to 
split a soliton-type solution in two distinct pulses. Recently, it was studied in [22] 
the repulsive case 6 < (a model for the Bose-Einstein condensation). We stress 
that the methods used therein are very different from ours, since the change of sign 
of the constant b produces a different behavior of the solutions (see also \X5\ for the 
case of a single equation). 

Concerning the necessary conditions for a sequence of solutions to concentrate, 
contrary to the scalar case with power nonlinearity ([21 E]), we cannot in general 
derive an explicit representation of the so called ground energy function E (see 
formulas fl2.8p - fl2.9l) ). The underlying philosophy is that when the limit problem 
(II. ip lacks of uniqueness, then the ground energy function, which will be shown to 
be at least locally Lipschitz continuous, may lose its additional smoothness proper- 
ties. Nevertheless, in this framework, on the line of [25] , we prove that a necessary 
condition for a family of solutions (usjVe) to concentrate around a given point z, 
is that 2; is a critical point, not necessarily a minimum point, of S in the sense of 
the Clarke sub differential dc, that is G dc^{z). Moreover, due to the previously 
mentioned characterization of least energy solutions in terms of the coupling pa- 
rameter b (see proposition 13. 181) . we partition the concentration points S into three 
classes £ = £y U Sw U £j], where 

£vx£wx£sC Cnt{V) X Crit(W^) x Critc(S). 

denoting Crit(/) (resp. Critc(/)) the set of classical (resp. in the sense of the Clarke 
sub differential) critical points of a function /. In this partition we can see again 
that if a family of solution concentrates around a given point then we derive as a 
limit problem either a single equation or the entire system, depending on the value 
of b. Namely, we will find some positive constants b"^ < bf' < 6^ such that for 
6 < we obtain the single equation as the limit problem, for 6 > 6^ we show 
that if a family of least energy solutions concentrates, then its scaling around a 
minimum point of the potentials converges to a real vectorial least energy solution 
of the autonomous system. 

The plan of the paper is the following. 
In Section [2] we introduce the functional setting and the statements of the main 
results. In Section [3] we proceed with the proof of the main result regarding the 
sufficient conditions for concentration. In Section H] we prove the main achievement 
on the necessary conditions for the concentration. 



2. The functional framework and main statements 

Let V{x) and W{x) be Holder continuous functions in and suppose that there 
exists a positive constant a such that 

(2.1) V{x), W{x) > a for all x E 
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In order to study (S^) we use variational methods, so that we introduce the Hilbert 
space 



\{u,v) e X : / V{x)u'^<oo, / W{x) f ^ < oo k 



where = H^{M^^) is the usual first order Sobolev space in M^. The norm in H is 



iu,v)\\l = \\u\\ly + \\v\\l^, where 



Mly = e'\\Vu\\l+ [ V{xy, \\v\\lw = e'\\Vv\\l+ [ W{xy, 

Jr3 ' J^3 

being e a small parameter and where we denote with || ■ \\p the standard norm in 
LP = LP{R^) for 1 < p < oo. We will study the functional : H ^ M defined by 

1 1 f 

Mu,v) = -\\u\\ly + -\\v\\l^- / F{u,v), 

^ ^ ./»3 



where we have set 

F{u,v) = ^{u'^ + 2bu'^v^ + v^), with6>0. 

It is easily checked that is well defined and of class on H. A nontrivial solution 
of problem (S^) is a couple (u^, v^) ^ (0, 0) in H, critical point of J^. 
We denote by B{x,r) the open ball centered at x with radius r and with dB{x,r) 
its boundary. 

As far as concern the sufficient conditions for the concentration to occur, we will 
prove two main results; the first is the following. 

Theorem 2.1. Assume (12. ip and that there exist z ^'R^ and r > such that 

(2.2) Vo = min V < min V, 

B(z,r) dB{z,r) 

(2.3) Wo = min < min W. 

B{z,r) dB{z,r) 

Then there exists Eq > such that, for every < e < Eo, problem {S^) admits a 
nontrivial solution {ue,Ve) G M, u^, > 0, such that the following facts hold: 

(i) {us + Vs) admits exactly one global maximum point x^ G B{z, r) with 

(2.4) limV(xe) = K, or limW{xe)=Wo. 

e^O e^O 

Furthermore, there exist /ii,/i2 > such that, for every x G M.^, 

_ \x-Xe\ 

(ii) Let us define bo < bi by 
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with 



(2.6) 



his) 



= mm 




Then the following facts hold: 

- if b < bo, there exists a > such that for all < e < eo, 



either Me(xe) and Vs{xe) > a or fe(xe) and Me(xe) > a. 
- if b > bi, then there exist a > such that, for all < e < Eq, 



Ue{Xe) > cr, Ve{Xe) > a. 



Remarks 2.2. (1) Actually, we can be more precise in conclusion (ii) of The- 
orem 12. 1[ Indeed, if Vq < Wq converges to zero while v^ixe) remains 
bounded away from zero; otherwise if Wq < Vq survives and Ve expires 
(see Remark 13.41 for more details). 
(2) In the case V = W, there holds &o = = 1; then for 6 < 1 (us, Ve) converges 
(up to scalings) to the least energy solution of one of the equations in (S'e). 
While, for 5 > 1 ('Ug,^^) converges to a real vector solution of the system 



(3) The constants 6o and bi depend only on the minima Vq, Wq^ so that V and 
W may have a degenerate minimum point or a closed, connected bounded 
set of nonnegative measure of minimum points; 

(4) When considering the action of external forces in the propagation of pulses 
in optical fibers, the potentials in the model problem are V{x) and W{x) = 
V{x) + c with c positive constant. In this case the result follows just by 
assuming that (12.21) holds. 

We can also prove a more general result than Theorem 12. 1[ In order to do this, 
let us define the functional with frozen potentials Iz '■ x —>■ M 



where = ||Vm||2 + ^(-2)||w||2 for every u G H^. The critical points of are the 
solutions of the system 



Following the same argument of Lemma 3.1 in [T9], it is possible to prove that the 
Mountain Pass level of is equal to ^{z). In the following we will denote with 



(2.7) 





(2.8) Afz = {{u,v)eH'xH'\{{0,0)} : {r^{u,v), {u,v)) = O} , 
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ifzyi^z) 7^ (0,0) the point where achieves T,{z), that is {ipz^ipz) will be a least 
energy solution of ( [5^ (see [9j or [19], for example). 

Because of this property, the function S is known as the ground energy function 
and plays an important role when studying necessary and sufficient conditions for 
the concentration to occur, as the following result shows. 

Theorem 2.3. Assume (12. ip and that there exist 2; G R'^ and r > such that 

(2.10) So = min S < min S. 

B{z,r) dB(z,r) 

Then there exists Eq > such that, for every < e < Eq, problem (S^) admits a 
nontrivial solution (u^, v^) G H, m^, > 0, such that {u^ + v^) admits exactly one 
global maximum point G B{z,r) with 

(2.11) limS(a;J = So, 
and conclusions (i) and (ii) of Theorem \2. 1\ hold true. 

Remark 2.4. Theorem 12.31 is more general than Theorem 12.11 Indeed, conditions 
(I2.2l) -( l231) imply the desired information (I2.10p (see for the details the proof in 
Section 12. ip . However, Theorem 12.31 is an abstract result since we cannot write 
down explicitly the function S, due to the possible lack of uniqueness of least energy 
solutions of (([5^). It would be interesting to see if, by assuming the S admits a 
'topologically nontrivial' Clarke critical point, the concentration still pops up. 

Aiming to state a necessary condition for a family of solutions (m^, f^) to concen- 
trate around a point z, we need a few preliminary definitions. 

Definition 2.5. Let 2; G and let > 1 be defined by 

(2.12) 6^= max 

For every b > 0, we put 

Ob= {z eR^ : b,>b} . 
Next we define the concentration sets. 
Definition 2.6. The concentration set for system ( [5^ , S, is defined by 

£ = 1^; G : there exists a sequence of solutions {uejV,;) EM of ( [5^ with 
Ue{z + ex) + Vs{z + ex) ^0 as \x\ — 00 uniformly with respect 
to e and e'^^Jeius, v^) S(z) as e ^ 0^. 
We also introduce the subsets of S 

Sy '.= {z E S n Ob : Ue{z) > 6 for some 6 > and any e > O}, 
£w := [z E £ n Ob : Vi;{z) > 5 for some 5 > and any e > O}, 
:= ^ \ Ob. 
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In general the function S is not known to be differentiable, but it is always locally 
Lipscliitz, as we will see. On the other hand, we need to consider the critical points 
of S, so that we will use the Clarke subdifferential (see [l2]), which is well defined 
for a locally Lipschitz function. We will need the following definition. 

Definition 2.7. For V, W e C\R^) and S G Lipi„,(R3) we denote by Crit(r) 
and Crit(iy) the sets of the critical points in Ob of V and W respectively, and by 
Crit(7(S) the set of z ^ Ob critical points ofH in the sense of Clarke subdifferential, 
that is: 

Crit(V) = [zeOb-. VV{z) = 0}, 
Crit(Vr) = {zeOb: VW{z) = O}, 
CTitc{^) = {z^Ob: dcJ^iz) 3 0], 

where 

dc'S{z) = jr] G : T,'^{z,w) > ri ■ w, for every w G ffi^}, 
being Il^{z,w) the generalized derivative of T, at z along w G M'^, defined by 

L (2;; w) = limsup . 

We can now state the following necessary condition. 
Theorem 2.8. Assume and that V, W E C^(R^) with 

(2.13) |VV(x)| </?e^l^l and \VW{x)\ < (3e"'\^\ 

for all X G and for some constants (3 > and 7 > 0. Then S is locally Lipschitz 
continuous and the following facts hold: 

(a) SvnSwn{z eR^ : V{z) ^ W{z)} = and 

S = Sy U S\Y U Sy,, 

where 

Eyx SwxS^C Cnt{V) x Cnt{W) x Critc(S). 

(b) // V, G let b-^ <b'^ < b^ be defined by 

(2.14) b'^ = meix 

(2.15) 6^ = max 

(2.16) b^ = max{h 
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where h is defined in (12. 6p . Then 

'SyUSw forallb<b^, 



for all b > bf". 

In addition, for every b > b'^ both the components of the solution remain bounded 
away from zero from below. 

Remark 2.9. As C Critc(S), in particular, for 2; G it holds 

G Co| lim VS(6) : ^ T> and 6 ^ z], 

where Co denotes the convex hull and V is any null set containing the set of points 
at which S fails to be differentiable. This follows by a well known property of the 
Clarke subdifferential (see e.g. [T2]). 



Remark 2.10. Assume for a moment that system (\S^ admits a unique ground 
state solution, up to translations. Then, in light of formulas ( 14.15^ it follows that 
S is differentiable at z, dc^{z) = {VS(2;)} and hence, VS(z) = provided that 
z G St.. On the other hand, we point out that, in general, ( [571 ) lacks of uniqueness 
of ground state solutions. For instance, if 6 = V{z) = W{z) = 1 and U is the 
unique solution to —AU + U = U'^ in M^, then the pairs {cos{6)U, sm[6)U) with 
< 9 < 7i/2 are all ground states solutions. In the case 6 < 1, by the results of [19] 
the system has at least the scalar least energy solutions (0,U) and (f/, 0). In the 
case 6 > 1, we suspect that the system admits a unique ground state solution. On 
the other hand, up to now, a proof seems out of reach. 

3. Proof of Theorem 12.11 

We will follow the arguments used in [H] for the single equation. Let 7 > be 
such that 

a 

7 < 



(3.1) 

For any s, t G M, 

Fi{s,t) 
it follows that 

VF^{s,t): 



3A/max{l, b} 



let us set 
^ 1 



{s^ + 2bsH^ + t^) 



-Vs^ + 2bsH^ + t^-— ifs^ + 2bsH 
2 4 



if s^ + 2bsH^ + t^<-f^, 

2 , ^4 > 



{{s^ + bt^)s, {e + bs^)t) 

((s2 + bt^)s, (t2 + bs^)t) 



7- 



if + 2bsH' + < 7 



if s^ + 2bsH' + t'' > f. 



It is easy to see that G C^(M^). Let B{z,r) a ball of radius r centered in z with 
z satisfying conditions (I2.2l) - (l2.3p : we define 

G{x, s, t) = x{x)F{s, t) + (1 - xi^Wis, t), 
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for a.e. x G M'^ and any s,t G M, where x is the characteristic function of the ball 
B{z,r). In the light of the above definition, it follows that the following conditions 
hold for every {s,t) in 

(3.2) <3G{x,s,t) <\/G{x,s,t) ■ {s,t) \/xeB{z,r), 



and, for every x ^ B{z,r), 

(3.3) <2G(x,s,t) <VG(x,s,t) ■ (s,t) <^\V(x)s^ + W(x)t'^] with A; > 3. 

k 

We study the following functional 

1 1 f 

Mu,v) = -\\u\\ly + -\\v\\lw - / G{x,u,v). 



Note that is of class on EI and its critical points solve the system 

-e^lS.u^V(x)u = Gu{x,u,v) in M^, 
-e^ [S.V \W{x)v = G^{x,u,v) in M^. 



(3.4) 



For each e > fixed, we will find a critical point of by applying the Mountain 
Pass theorem ([7]), so that we define 

(3.5) Ce = inf sup J^^-fit)), 

■^^^te[o,i] 

where T = {7 G C([0, l],e) : 7(0) = (0,0), Js{l{l)) < 0}. Arguing as in Lemma 
2.1 in [T4J and as in Lemma 3.2 in [19j it is possible to prove that 

(3.6) Ce = inf SUV) Je(tu,tv). 

{u,v)m\{{o,o)} t>o 

Moreover, we will compare Cg with the level ^{z) (defined in ( 12.90 ) of a ground 



state solution {(pz,'ipz) of the limit system ( [57] ). It is well known (see e.g. ^U\, [T9] ) 
that the functions (pz, "^z are radially symmetric, nonnegative functions which decay 
exponentially to zero at infinity. 

First of all, we show that possesses suitably estimated critical values. 

Lemma 3.1. Assume (12. ip . Then has a nontrivial critical point {ue,Ve) G HI 
such that 

(3.7) J,(n„i;,)<£3(S(z)+o(l)), 

where o(l) ^0 as e 0. Moreover, there exists a positive constant cq such that 

(3.8) \\ue\\lv+\\vs\\lw <coe'^- 

Proof. Note that (0, 0) is a local minimum of the functional J^, since it holds 
Je{u,v) > c||(M,f)||g, provided that the norm ||(u,f)||H is sufficiently small. More- 
over, let (0,'?/') G HI with supp(0)Usupp ('?/') C B{z,r) and observe that Js(t{(f),ip)) 
—00 as t ^ +00. Then we can construct a Palais-Smale sequence at level q (de- 
fined in (13.51) ). Conditions (13.21) and (13.31) imply that hypothesis (gS) in [2] is 
satisfied in our context, so that the compactness of Palais-Smale sequences can be 
recovered following the proof of Lemma 1.1 in [T3]. By applying the Mountain Pass 
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Theorem ([?]), we get a nontrivial critical point {u^, f^) at level In order to show 
estimate (13. 7p . we need to consider a suitable pair of functions which models the 
concentration phenomenon. Let us define the functions 

u*{x) = r]{x)ip^ (- — -] v*{x) = ri{x)tlJz 



e J \ ^ 

where r/ is a smooth function compactly supported in -B(-2, r) and such that = 1 in 
a small neighborhood of z and {(pz,ipz) is a ground state solution of problem ( [571 ). 
From the definitions of G{x, s, t) and ri{x) we deduce that Js{tu*, tv*) = Jsitu* , tv*), 
so that it is easy to compute the supremum for t > of Jeitu*,tv*) and by using 
(13.61) we derive 

Je{Ue, Ve) = < SUp Je{tu* , tv*) = [£(2) + o(l)] , 
t>0 

that is (13.71) holds. Finally, using (13.71) . the weak form of (13.41) tested with (uej^^) 
and (13.21) . fl3.3l) . it is possible to get also 03.81) . □ 

In the next proposition the asymptotic behavior outside B{z,r) of the critical 
point {us,Vs) found in Lemma [XT] is studied. 

Proposition 3.2. Assume (12.11) and that ^ G and r > satisfy conditions (12. 2p 
and (12.31) . Then for every 6 > there exists es > such that 

(3.9) sup sup {Ue{x) + Ve^x)) < 6. 

0<£<£S xm^\B{z,r) 

Proof. Let us first prove that 

(3.10) lim sup {ue{x) + Vs{x)) = 0. 

xedB{z,r) 

We proceed by contradiction, assuming that there exist a sequence {e„} converging 
to and a sequence {x„} C dB{z,r) such that, for some positive constant P, 

(3.11) Ue„{Xn) + Ve„{Xn) > P foT all ^ > 1. 

Since dB{z,r) is a compact set, we can assume that there exists a subsequence of 
{xn}, still denoted by {x„}, which converges to a point xq G dB{z, r). Consider the 
scalings of u^^ and Ve„ centered at that is 

which are critical points of the functional Jn defined in EI by 
SO that the couple (^n,"^™) solve the system 

^2 |-A0„ + V{Xn + £nX)(i)n = (x„ + £:„X, 0„, V'n) , 

I -Alpn + W{Xn + £nX)i)n = G^{Xn + V'n). 

Notice that, by a simple change of scale, it is possible to verify that 

(3.13) Jn{<PnAn) = E'^ Je„{Ue„, VeJ ■ 
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From fl3.8p we have that the sequences 0^ and ipn are bounded in H^] this, (13.121) 
and elhptic regularity estimates imply that 0„ and ipn converge on compact sets 
to a couple (0, ip) G H, which, by ( I3.1ip must be nontrivial. In addition, there 
exists a function ^ G with < ,^ < 1 such that xi^n + ^nx) converges to ^ 
weakly* in L°°. Then, the pair (0, ip) is a solution of 

-A0 + V(xo)0 = G„(x,0,V'), 
-A7/; + Vr(xo)V^ = G„(x,0,^), 

where G(x, s, t) = ^{x)F{s, t) + (1 — ^(x))F[|(s, t). The preceding system is the Euler 
equation of the functional 

1 1 /■ - 

On the other hand, conditions (13.21) and (13. 3p allow us to follow the same arguments 
of Lemma 2.2 in p3] to deduce that 

(3.14) liminf J„(0„, V"™) > Jxoi<P,i')- 

n—foo 

Indeed, consider the function 

hn =^ [{"^(Pnl^ + |V^„P + V{Xn + £nX)|0„|^ + W{Xn + enX)|VnP] 

Choosing R> sufficiently large, from the convergence of (l)n, il'n over compacts, 
and since and ip belong to we have, for every 5 > fixed. 



lim / K. > Jxo{(f),'ip) - 5, 



where Bf> stands for B{0,R). Moreover, taking r^/j a smooth cut-off function such 
that TjR = on -B^-i and t^/j = 1 on \ Br, and using as test function in (13.121) 
w = VR^'Pnyipn), it is possible to obtain 



liminf / hn > —5, 

n^oo 



yielding (I3.14p . Since (0,'0) is a critical point of J^^ we have 
(3.15) Jxo{(j),ip) = max J^(,(^(05^))• 



^>o 



Moreover, it holds F{s,t) > F^(s,t), so that G{x,s,t) < F{s,t) which, together 
with (13.151) . implies that 

(3.16) Jxo{<P,^)> inf sup4o(t(M,t;)) = S(xo). 

{u,v)m t>o 

From assumptions (12121) . (!2l3l) it follows that V{xo) > Vq and W{xo) > Wq, this 
means that T,{xq) > T,{z), where ^(z) is defined in (12.90 . This, (I3.13p . (I3.14p and 
f lXTejl yield 

(3.17) S(z) < Jxo{(p,i') < liminf J„(0„,^„) < S(z), 
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which is a contradiction, proving (13. 101) . 

We are now ready to conclude the proof of the result. Let us fix 5 > 0; from 
(I3.10p it follows that there exists es > such that < Ue{x) < 6 and < ^^(a;) < 6 
for any x G dB{z, r) and e G (0, es). It follows that (wg — 5)^ = and {ve — 6)^ = 
on dB{z,r) and hence we can choose 

as test functions for system (13 ■4p . By multiplying and integrating over M.^, we obtain 

[ {e''\ViUe - + V{x)Ueiu, - 5)+ - Guix,Ue,Ve)iUe - 5) + ) 

+ [ {e''\ViVe-6y\^ + Wix)VeiVe-6)^ ~G,ix,Ue,Ve)iVe-6) + ) =0. 

jR^\B{z,r) 



Note that, since we can write 

Guix,Ue,Ve) 



Gu{x,Ue,Vs) 



and 



Gy{x,Us,Ve) 




[{u^ -6) +6] if Ue{x) > 

if Ue{x) = 



[iv,-6)+5] ift;,(x)>0, 
iffg(x)=0, 
the preceding identity turns into 

/ (e^lVK - + T,(x)|(«, - + T,(x)5(u, - 5)+) 

+ /" {e'\V{v, - 6y\' + Ae{x)\{Ve - 5) + r + U^Ve - 5) + ) = 0, 

Jr3\b(z) 

where we have set 



T,(x) = V(x)-7- 



and 



By virtue of (13. ip . it is easy to show that Te(a;) > 2a/3 and A£(a;) > 2a/3 for all x 
with tig (x) > QoiVe{x) > 0, which implies that (^^(x)— 5)"^ = and {us{x)—S)~^ = 
for every x ^ B{z, r) and every < e < es, namely the assertion. □ 

When proving Theorem 12.11 we will use Theorem 2.9 in |19j which gives a neces- 
sary condition for the existence of vector ground state (that is a ground state (m, v) 
with u > and f > 0) for an autonomous system. Here, for the reader convenience, 
we briefly sketch the proof in the presence of a two different constant potentials. 



SEMICLASSICAL STATES FOR CNLS SYSTEMS 



13 



Proposition 3.3. Let ki,K2 > and {u,v) G x be a least energy solution 
of the system 



(3.18) 



-Am + Kiu = + bv'^u in 
-Av + = f ^ + bu'^v in 
Let bo and bi be defined by 



(3.19) 6o = maxjy^, bi = max (^^ '^j , h (^^ ^ 

where h{s) is defined in i\2.6\\ . Then the following facts holds: 

(a) if b < bo then either u = and v ^ or u ^ and v = 0. 

(b) if b > bi then u ^ and v ^ 0. 

Proof. Suppose that (m, v) is a vector ground state of fl3.18p and assume, without 
loss of generality, that < ^2 < ^i. Consider the functions 

\ / X \ \ I X 

uix) = -^=u I v(x^ 



1^ VVm/ Vm Vvm 

the above system becomes 

-Am + u = u^ + bv'^u in 



-Av + uj^v = f ^ + bii^v in ™^ 



1 



where we set lo^ = 1^2/1^1 < 1- Then, conclusion (a) follows by applying [T9| 
Theorem 2.9], whereas conclusion (b) can be obtained by arguing as in the proofs 
of fi9[ Theorems 2.3, 2.8] (see Remark 2.11 therein). □ 

Proof of Theorem \2.1\ By virtue of Proposition 13.21 taking into account the defini- 



tion of G, the pair (m^, Ve) 7^ (0, 0) turns out to be a solution of ( [5^ . From elliptic 
regularity theory it follows that m^, Ve are nonnegative functions. Let a local 
maximum point of the function Ue{x) + Ve{x), then 

< -A{U, + V,){Q = - V{QUe{ie) - W{QVe{ie) 

+ {ul{Q + bvl{Q) uMe) + {vl{Q + hul{Q) vMe)- 

Using fl2.1l) . there exists a positive radius a, independent on e, such that 

(3.20) {Ue+vMe)><y- 

Let us first prove (12. 4p of conclusion (i) in Theorem 12.11 arguing by contradiction. 
More precisely, consider ^ and x„ G -8(2, r) a local maximum point of Me„+fe„. 
Let * G B{z,r), and assume that both V{x*) > Vq and W{x*) > Wq. Then, 

we can consider the sequences 0„(x) = Ue^{xn + £nx), ipn{,x) = Vs„{xn + £nx) 
and the limit critical point of the limit functional Ix*- First, note that 

(0, V') 7^ (0,0) thanks to (13.201) : moreover, by virtue of the inequalities V{x*) > Vq 
and W{x*) > Wq, the critical level Ix:*{4>,ip) can be compared with E(z), yielding 
again a contradiction. Then, in order to prove conclusion (i) of Theorem 12.11 it 
is only left to show the uniqueness of the maximum point of the function + v,.. 
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Assume by contradiction that there exist a sequence converging to zero and 
two local maxima x^, x"^ G B{z,r), which both satisfy fl3.20p . We consider the 
sequences 

(f)nix) = Ue„{xl + £nx) and ^„(x) = v^^ix^ + e„x). 

Arguing as before, we show that the couple (</)„, V'n) converges in the sense over 
compacts to a solution (0, ip) of ( [57] ) with z = xi and V{x^) = Vq and W{x^) = Wq. 
From (13.201) we get that (0, ip) 7^ (0, 0) and from we deduce that (0, -0) are 
nonnegative, radially symmetric functions. Then the sum (p + ip has a local non- 
degenerate maximum point, which, up to translations, is located in the origin. This 
facts and the convergence of 0„ + imply that x„ = (x^ — xD/sn — * oo. Then 
we can argue as in the proof of (I3.14p to get a contradiction. Indeed, we consider 
the function 

For every 5 we can choose R > and no sufficiently large such that Bji\^Bji{xn) = 
for every n >no and 



(3.21) lim / /i„>4i(0,^)-5. 
Moreover, 

lim /" hn=l lim I / [I V0„p + I VV^^P + ^(x^ + e„Xn)^l 

+ l^(a;2 + EnXnWn] ' I ^„) 1 

where we put (l>n{y) = 4>n{y + Xn), i^n{y) = i^n{y + Xn). As V(x^) = ^(x^) = Vo and 
ly(xi) = W{x^) = Wo, we get 

(3.22) lim / /i„>42(0,V^)-5 = 4i(0,7A)-5. 

Then, arguing as in the proof of (13.141) we get 

liminf J„(0„, V'n) > 2S(x^) = 2E{z), 

71— >00 

which is in contradiction with (13. 7p . 

In order to prove the exponential decay, notice that, by Proposition 13. 2^ and 
decay to zero at infinity, uniformly with respect to e. Hence we find p > 0, 
G (0, ^/a) and Eq > such that ul + hv1 <a — 6^ and vl + hul <a — 6^, for all 
|x — > ep and Q < e < Sq. Let us set 



ip{x) = Mpe~^''^^^~p\ Mp = sup max{ue + Vs] 

(0,£o) M=P 



and introduce the set A = U_R>p -^^f ' where, for any R> p, 

= {p <\x\ < R: Ue{x) +fe(x) > ^p(x) for some e G (0,eo)}- 
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Assume by contradiction that ^. Then there exist R^> p and G (0, Eq) with 

2eQ 



^2/ 



- Q'Ue, - Q'Vs 



< e\^p - Ue, - v,^) < 0, in Dr for all R > i?,. 
Hence, by the maximum principle, we get 

- Us, - Ve, > min \ min(^p - Ue, -Ve,), ,min(^p - Ue, -Ve,)\, 

I. \x\=p \x\=R J 

in Z)/j for all i? > i?^,. Letting R ^ oo and recalling the definition of C,p yields 
^p-Ue, -Ve,> mini mm{C,p- Us, -Ve,),0\>0, in IJ^'ij- 

L \x\=p J ^-^ 



In turn, m^, (x) +fe, (a;) < ^p{x) for all a; in Ufi>fi,Dii, which yields a contradiction. 
Whence ^ = 0, and the desired exponential decay follows. 

Now we prove conclusion (ii) of Theorem 12. 1[ Once again, let us set {(p^j'ipe) = 
{us{xe + ex),Ve{xs + Ex)) . Note that (13.81) gives us ||(0e, V'e)||H < C and the pair 

{(j)e,i^e) solves 

-A0e + V{Xe + ex)(f)e = (j)l + bilj^(f)e m 
-Ai)s + W{xe + ex)^e = + H'^A in IR^- 

From the conclusion (i) we have that x^ converges to p, with V{p) = Vq and W{p) = 
Wq, and {(j)s,4'e) converges to (0, V'); least energy solution of (I3.18P with ki = Vq 
and K2 = Wq. Then, ii b < bo, in the light of Proposition 13.31 either = or 
ip = 0. Since (ps and ips converge uniformly over compacts, we have that either 
Ue{xe) = 0e(O) ^ or Ve{xe) = V'e(O) — > 0. Similarly, if 6 > bi, in the light of 
Proposition 13.31 d ^ and 0, and the assertion follows. □ 

Remark 3.4. In the previous theorem we have proved that the least energy solution 
{ue,Vs) converges (up to scalings) to a least energy (by (13.71) ) solution {(t>,ip) of 



(3.23) 



-A0 + Vocp = (p^ + bip^(p, 
-Alp + Woip = ip^ + bcp'^ip. 



Moreover, for b < bo, one between (p,'ip is necessarily zero; so that {(p,ip) is actually 
either (0,0) or {0,tp), with (p (respectively ip) the unique least energy solution of 
-A(p + Vo(p = (p^ (respectively -Aip + Woip = ip^). Then, if Vo < Wo, the least 
scalar energy solution of (13.231) is (0, 0), yielding v^ixs) — > 0. Otherwise, if Wo < Vq, 
Us{xs) 0. 

Proof of Theorem \2.3[ It suffices to run through the various steps of the proof of 
Theorem 12.11 up to formula (13.161) . Now, in order to obtain (13.171) we can use 
hypothesis fl230D instead of (Q, (Q to get directly 

T.{z) < S(xo) < Jxo(0,V^) < liminf Jn{(pn,i'n) < S(z), 
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as Xq G dB{z,r) and z G B{z,r), yielding the desired contradiction and thus 
eventually proving Proposition I3.2[ If is the sequence of maximum points, there 
holds ^(xg) So, otherwise one would get a contradiction similar to the one above. 
The dichotomy and the exponential decay can be proved exactly as we have done 
in the proof of Theorem I2.1[ □ 

4. Proof of Theorem 12.81 

In this section we will prove Theorem 12.81 To this aim, the following preliminary 
lemma will be useful. 

Lemma 4.1. Assume that V, W e C^iR^) satisfy fl233D . IfzeS, then 
(4.1) ji{z)VV{z) + -f2{z)VW{z) = 0, 

for some '~fi{z) > 0, 72 (-z) > 0, one of them being nontrivial. 

Proof. Let 2 G a sequence converging to zero and fe^) solution of problem 
that satisfies the properties in Definition 12. 6[ Let us define ipn{.x) = u^^^z+Enx), 
"ipnix) = Ve„{z + Enx) and the lagrangian £ : x M x M x x M'^ ^ M defined as 

C{x,si, 82,^1,^2) = ^ +Viz + enx)^ + Wiz + enx)^-^ ^. 

By the Pucci-Serrin identity for systems [231 see §5], we have 

divh V?n, V'n, VV5„, VV'n) 

+ \ I Snh- [VV{z + enx)^l + VW{z + enx)i). 
for all h G (R^,R^). Let us choose, for any A > 0, 

h,:R'^R\ h'{x) = l^^^'^^ = £=1,2,3, 

T G Cl{R^), T(x) = 1 if |x| < 1 and T(x) = if |a;| > 2. Then, for j = 1, . . . , 3, 

y2 XdiT{\x)di^lJndji)n + y2i I ^diT{Xx)di(pndj(pn 

i=l J^' i=l 

\djT{\x)C{x, ipn, VV2„, Vipn) 

+ 1 I enT{\x)[djV{z + enx)ipl + djW{z + enx)ijl]. 

By the arbitrariness of A > 0, letting A — * and keeping j fixed, we obtain 

/ [d,V{z + €nx)ipl + djW{z + enx)^l] = J = 1,2,3. 
Jr3 



'1 
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By assumption (12.131) . there exists a positive constant /?i such that, for all a; G 
and j > 1, we get \\/V{z + enx)\ < /3ie^="l^l and \\/W{z + enx)\ < /?ieT^"l^l, so that, 
invoking the uniform exponential decay of and ipn, letting n — oo in the above 
identity, there holds 



(4.2) id,Viz)ifi + d,Wiz)r.) = 0, J = 1,2,3, 



where {(pz, ipz) 7^ (0, 0) is a least energy solution of ( [5^ . 

Therefore fHTTl) holds with 71(2;) = \\(fz\\l and l2{z) = \\ipz\\l- □ 

Proof of Theorem \2.8\ First, we will show that S is a continuous function. Recall 
from [121 Lemma 3.1] that, for every ^ G and w G x with w 7^ (0, 0), there 
exists a unique 9{w,C,) > such that 9{w,^)w G Af^ (defined in (12.81) ): the map 
{w 1—^ 9{w,^)} is continuous and {w i— 9{w,C,)w} is a homeomorphism of the unit 
sphere of x on Af^. In order to prove that S defined in (12. 9p is continuous, 
let us first consider the potentials V{x), W{x) as positive constants V, W E M^. 
Following the line of [2l|, we first show the continuity of the map (V, W) — > c{V, W), 
where c(V, W) is the mountain pass level of the functional ly^w '■ x ^ 
defined by 



2 

The following equalities hold (see Lemma 3.1 in [19j) 

(4.3) c(V,W) = inf max Ji/w(tM, tf ) = inf lyw 

where N'v,w is the Nehari manifold associated to Iv,w- Note that (14.31) implies that 
proving the continuity of the map c{V, W) is equivalent to show the continuity of 
the map (V, W) t-> S(V, W). Let us first show that 

(4.4) \imc{V + 7],W + 7]) = c{V,W). 

It is readily seen that the following monotonicity property holds 

(4.5) Vi > V2, Wi>W2 =^ c(VS, Wi) > c{V2, W2). 
By virtue of (14.51) . we get 

(4.6) hm c{V + ri,W + ri) := c- <c{V,W). 

Let rjh 0~ and 6h ^ 0^ as h ^ 00. By the definition of c(y + 1], W + 1]) and (14. 3p . 
and since the map 9 induces an homeomorphism of the unit sphere of x on 
Afv+r],„w+r]hy there exists {uh,Vh) G //^ x H^, such that 

(4.7) llVn^ll^ + II Vi;;,||^ + ||m;,||^ + \\vh\\l = 1, 

(4.8) max Iv+ni^w+rihitUh, tvh) < c{V + rjh.W + rjh) + ^h- 

We will first show that 9{uh,Vh), given by 

(4.9) 9{uh,Vh 



VuhWl + liv^felli + v\\uhM + ^ll^felli 

\\uh\\t + \\vh\\i + 2b\\uhVh\\l 



18 E. MONTEFUSCO, B. PELLACCI, AND M. SQUASSINA 

remains bounded. We argue by contradiction, therefore, we suppose, in virtue of 
(lO) that 

(4.10) \\uh\\l+\\vh\\l + muhVh\\l^^- 

From the Ekeland variational principle we obtain that there exists a sequence (^h, Zh) 
such that 

(4.11) \\uh - ^h\\m + \\vh - ZhWrn < v^/i, 

c{V + rih,W + r]h) -Sh < Iv+-nh,w+7jh{^h, Zh) < c{V + 7]h,W + r]h) + 

From flim]) and (|410|) it follows that 

Uh\\t+\\zh\\t + 2bUHZh\\l^0. 

Then 

= \ lim {\\wh\\l + \\zh\\l + 2b\\whZh\\l} = 0, 

which is an obvious contradiction, proving that 6{uh, Vh) remain bounded. Denoting 
with 0{u, v) = 9{u, V, V, W) and using the definition we have 

Iv,w{(^{u, v)u, 6{u, v)v) = max Iv,w(tu, tv). 

In virtue of (USD, dS]), M and (gSD, it results 
c{V,W) < Iv,wiO{uh,Vh)uh,9{uh,Vh)vh) 

= Iv+n^,W+rjhi(^{Uh,Vh)Uh,6{Uh,Vh)Vh) - y6'^(M/i,^^/i)(||M/i||2 + \\vh\\l) 

< c{V + Vh,W + Vh) + Sh~ Y^\uh, Vh){\\uh\\l + WvhWl) 

< + 6h - y6'^(Mh,^^h)(||M/i||2 + W^hWl) 

< c{v, w) + Sh- Y9\uh, Vh)i\\uh\\l + HWl). 

From (14.71) and as 6 is an homeomorphism on the unit sphere, it follows, for h ^ oo, 
that c(V, W) = c~ . In a similar fashion one can prove that 

(4.12) c(V, W) = lim c{V + ri,W + ri) 

Therefore (14. 4p is proved. Let now {zh} be a sequence in such that Zh ^ z as 
h —* oo. Observe that, given ?7 > 0, for large h, we have 

V{z)+7]>V{z) + \V{zh)-V{z)\ 

> V{zh) > V{z) - \V{zh) - V{z)\ > V{z) - ri, 

and similar relations hold for W. From (14.41) and (14.121) we deduce that c{V{z) + 
r], W{z) + rj) and c{V{z) — r], W{z) — rj) both converge to c{V{z), W{z)), yielding 
the desired continuity oi z T,{z) . 
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Let us show that the function S defined in fl2.9p is locally Lipschitz continuous. 
We denote by SS{z) the set of the nonnegative radial critical points of of least 
energy. Let zC, G and {(pz^^Jz) G SS{z)^ we denote here 6{z^^) = 9{(l)z,4'z,0 — 
e{<Pz,^z,V{0,W{0). Then 

Defining the function 

(4.13) h{0 = hiOiz,mz,i^z)) 
and noting that 6{z, = 1 we obtain 

(4.14) E{0-nz)<h{0~h{z). 

In order to prove that S is locally Lipschitz, we will use the mean value theorem 
applied to the function h{^), so that we will show that V/i is bounded. First observe 
that, since 9{z,^){(j)z,4'z) ^ A/'^ we get that 9{z,C,) is given by (14.91) with Uh = (ph, 
Vh = i^h and V = V{^), W = W{^). From the continuity of the critical level in 
dependence of V{C,), W{^) and from the continuity of S we obtain that the functions 

(z,0 ^ l|V0,||^ + iiv^.ii^ + viomil + w^(0ll^.ll2, 

z^Uz\\t + \\^z\\t + 2b\\<f)zH\l 

remain bounded and away from zero from below as z and ^ remain bounded, so that 
9{z,^) remains bounded for (z,^) bounded. Moreover, 9{z,C,) is differentiable with 
respect to the variable ^ so that also the function h defined in (I4.13P is differentiable 
and its gradient is given by 

+ 9{z,o'^^9{z,o + iiv^.ii^ + viomii + wioim'] 
- 9{z,o'^A^,o [m\t + m\t + m<i>zH\i)] , 

so that 



Hence, since {9{z,C,)(f)z,9{z,^)ipz) ^ ATg? we get 

vMo = ["^viouzr+vwiomi] 

This formula, (14.141) . the mean- value theorem applied to the function h and the 
local boundedness of 9 imply that E is locally Lipschitz (in order to get the opposite 
inequality, it suffices to switch z with ^). 

Now, let us prove conclusion (a) of Theorem 12.81 

Let z E £ and (we^jfe^) C H a sequence of solutions to ( [^ that satisfy the 
properties in Definition 12. 6[ Let us consider for all n > 1 ^ and the sequences 

iPn{x) = Ue„{z + enx), V^„(x) = fe„(2 + e„x), SO that ipn{x)+iJn{x) as |x| oo. 
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uniformly with respect to n and Je„{'^n,4'n) ^(2;) as n — > 00. The sequence 
i<Pn, ipn) converges over compacts to (v?^, ipz) a least energy solution of ( [5^ , and 
ifz, ipz are radially and exponentially decaying (see [10]), that is {ipz, 4^z) belongs to 
SS{z). 

Consider the scalar problems 



-Au + V{z)u = 
u> 0, u e H^, 
u{0) 



u 



maxM, 



m 



-Av + W{z)v 
V > 0, V e H^, 
f (0) = maxf. 



m 



It is known (see [S], [IB]) that (3^) and (Sf^) have a unique ground state solution. 
Notice that Proposition 13.31 implies that, if z E Of,, then {ipziipz) has necessarily 
one trivial component. So that, the following possibilities may occur: 

I. z E Of, and (fz = ^ and ipz is a nontrivial solution to (S^)', 

II. z E Ob and ipz = and ipz is a nontrivial solution to (3^)', 

III. zeS\Ot = S^. 

It is readily seen by a simply scaling that, if cpz ^ or ipz ^ 0, 

1pz{x) 



= ^/Viz)UoiVv{z)x) 



^/W{z)Uo{VW{z)x), 

where Uq is the unique solution to —Au + u = u^. Since ipn converges uniformly 
to tpz, which has its global maximum point in the origin, case I corresponds to 
z G £w- In such a case, in light of (14. ip . there holds 71(2;) = 0, 72 (^) 7^ 0, namely 
z G Crit(iy). Arguing as above it is possible to show that the situation of case 
II implies that z e Sy and z e Crit(K). Of course gy H Sw r\ {V W} = 0. 
Indeed, if z* E Sy ^ £w H 7^ there would exist two sequences (uj, f j) and 
{Uj,v'j) of solutions to ( [5^ such that the corresponding scaled solutions {ip^ip]) 
and {ip'j,ipj) converge in the sense over compact sets to {ipl*,ipl,) G SS{z*) and 
{<fl,,ipz*) G SS{z*) and such that <^]{0) >6>0 (since z* G Sy) and ip]{0) >6>0 
(since z* G Sw), for every j. As a consequence, letting j ^ 00, we get ipl* 7^ and 
t/'^* 7^ 0. Now, in light of Lemma [373| since G Ob and (yj^, , ■?/'^* ) ^-nd {^pl* , ijj'^,) 
have least energy, we have ipl* = and (p^* = 0. Therefore, 

Tv/i^ = iz^i^l„o) = J:iz*) = iz*{Q,iPl) = rvTIV), 

contradicting that V{z*) 7^ W{z*). The previous facts show that 

SnOb^SyU Sw, and Sy x Sw C Crit(r) x Crit(Vr). 
Hence, we conclude that 

£ = {£nOb)U{£\ Ob) = £yU£wU 
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with Ey X E^J\l C Crit(y) x Crit(H^). To prove conclusion (a) of Theorem 12.81 it is 
only left to show that Ey. C Critc(S). In order to do this we will first prove that 
the directional derivatives from the left and the right of S at every point 2; G 
along any G M'^ exist and it holds 

\or]J {v.,i,.)&ss{z) or] 

( ^ ) (^) = inf ^{Vz,'ipz), 
\dri J (^,,i^.)€SS{z) drj 

that is, explicitly, 



I'd^Y, , I \dV . ,,, ,,2 dW 

(4-15) (^)= 9 7^^^)ll^^ll' + l^' 

ov J {^:.,i,.)&ss(z) 2 [dT] dr] 



||2 
z\\2 



9^\\ A • r ^ 9V, ... ,,2 dW, ... , ,,2 



z\\2 



for every z,rj G M.^. 

Let {/ij} C M'^ be a sequence converging to /xq and let {uj,Vj) be a correspon- 
ding sequence of solutions of least energy We want to prove that, up to 
a subsequence, Uj uq and Vj vq, strongly in H^, with {uo,vo) G SS{fio). 
It is straightforward to see that {uj,Vj) is bounded in x so that, up to a 
subsequence, it converges weakly to a pair {uq, Vq), and Uq and f j — >• Vq locally 
in the C^-sense, so that {uo,Vo) is a solution to the limiting problem with /i = fiQ. 
Moreover, as previously observed, there exists 6 > such that Mo(0) + Vq{0) > 6, 
which entails uq ^ 01 vq ^ 0. Observe that, by the continuity of S and by Fatou's 
Lemma, we get 

S(;Uo) = lim = lim I^Auj,Vj) > I^oiuo,vo) > S(/io). 

Hence, in particular, it holds I^.{uj,Vj) I^g{uo,vo) = S(/io) as j 00, that is 
lim / iVujf + |Vt;jf + V{fij)u^. + W{i.ij)v^ 

Then we have {uj,Vj) {uo,Vo) strongly in x H^. For any {ip,ip) G SS{z), we 
get 

E{z + tf]) - T.{z) < I;,+tr,i^{z, z + tr])ip, {}{z, z + tr])^p) - I^{ip, ip) 

Whence, by the arbitrariness of {'^,4') G SS{z), 

hmsup ^(' + '^) -^(') < UvViz) . vlMl + VWiz) . v\ml}. 

t^o+ t {'p,ip)essiz) 2 L J 
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To get the opposite inequality, take (v?, V') G E>{z + trf). It holds 

S(z + tri) - 'L{z) > Iz+tr,iv, i') - h{d{z + trj, z)lp, 0{z + trj, z)^)) 

= tV^I^{9{^, z + t?7)v9, B{i, z + t?7)V')l5g[2,2+t^]. 

Using the continuity of Q and the convergence of {^p,ip) to an element of S(z), we 
obtain 

hminf ^(' + tv)-m > 1 1^^^^) . ^ . ^ii^ii^l 

proving the opposite inequality, so that the desired formula for the right derivative 
of S follows. A similar argument provides the corresponding formula for the left 
derivative. 

Assume now that z E £\Ob = S^. Notice that, beside (14.21) . for all r/ G M'^, it holds 
Hence, since (ipzy'ipz) ^ SS{z), by formula fl4.15p we have 

Then, by the definition of {—'E)^{z;r]), we get 

r]) > (^^^^^^ (z) > 0, for every 7] G 

In turn G dc{—^){z) and, since dc{—^){z) = —dc^{z) (see [I2]), we obtain 
z G Critc(S), which concludes the proof of (a). 

If V and W are also bounded from above, by choosing b'^ and bf^ as in (I2.14l) - (l2.15p 
we get Ob = for all b < b'^ (as b^ < b, for every z), and Ob = for all b > b'^ 
(as bf^ > bz for every z), thus immediately proving assertion (b). Finally, if 6 > 6^ 
the last assertion of the theorem follows immediately from Proposition 13. 3[ □ 
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